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Abstract
The lower boundW (K2n) ≥ 3n−2 is proved for the greatest possible number
of colors in an interval edge coloring of the complete graph K2n.
Let G = (V (G), E(G)) be an undirected graph without loops and multiple
edges [1], V (G) and E(G) be the sets of vertices and edges of G, respectively.
The degree of a vertex x ∈ V (G) is denoted by dG(x), the maximum degree
of a vertex of G-by ∆(G), and the chromatic index of G-by χ′(G). A graph is
regular, if all its vertices have the one degree. If α is a proper edge coloring of
the graph G, then α(e) denotes the color of an edge e ∈ E(G) in the coloring α.
Let α be a proper coloring of edges of G with colors 1, 2, . . . , t. α is interval
[2], if for each color i, 1 ≤ i ≤ t, there exists at least one edge ei ∈ E(G) with
α(ei) = i and the edges incident with each vertex x ∈ V (G) are colored by
dG(x) consecutive colors.
A graph G is interval-colorable if there is t ≥ 1 for which G has an interval
edge coloring α with colors 1, 2, . . . , t. The set of all interval-colorable graphs is
denoted by N [2].
For G ∈ N we denote by W (G) the greatest value of t, for which G has an
interval edge coloring α with colors 1, 2, . . . , t.
It was proved [3] for bipartite graphs that verification whether G ∈ N is
NP -complete [4,5].
It was proved [2] that if G has no triangle and G ∈ N thenW (G) ≤ |V (G)|−
1. It follows from here that if G is bipartite and G ∈ N thenW (G) ≤ |V (G)|−1
[2].
For graphs which can contain a triangle the following results hold:
Theorem 1 [6]. If G ∈ N is a graph with nonempty set of edges then
W (G) ≤ 2 |V (G)| − 3.
Theorem 2 [7]. If G ∈ N and |V (G)| ≥ 3 then W (G) ≤ 2 |V (G)| − 4.
Non-defined conceptions and notations can be found in [1,6,8,9].
In [2] there was proved the following
Theorem 3. If G ∈ N then χ′(G) = ∆(G).
Corollary 1 [2]. For a regular graph G G ∈ N iff χ′(G) = ∆(G).
A well-known inequality ∆(G) ≤ χ′(G) ≤ ∆(G) + 1 for the chromatic index
of an arbitrary graph G was proved in [10]. It was proved [11] for regular
graphs that verification whether χ′(G) = ∆(G) is NP -complete.Therefore we
can conclude from the Corollary 1 that the problem
1
“Whether a given regular graph belongs to the set N or not?” is also NP -
complete.
From the results of [10] and Corollary 1 it follows that for any odd p
Kp /∈ N . It is not difficult to see that χ′(K2n) = ∆(K2n) (it can be obtained
from the theorem 9.1 of [1]). Consequently from the Corollary 1 we obtain
Theorem 4. For any n ∈ N K2n ∈ N .
It is not difficult, using the results of [6], to obtain the following
Theorem 5. For any n ∈ N W (K2n) ≥ 2n− 1 + ⌊log2 (2n− 1)⌋.
The main result of this paper consists of the following
Theorem 6. For any n ∈ N W (K2n) ≥ 3n− 2.
Proof. Obviously, for n ≤ 3 the estimate of the Theorem 6 coincides with
that one of the Theorem 5.
Now assume that n ≥ 4.
Consider a graph K2n with V (K2n) = {u1, u2, ..., u2n} and
E(K2n) = {(ui, uj) | ui ∈ V (K2n), uj ∈ V (K2n), i < j}.
Define a coloring α of the edges of the graph K2n in the following way:
for i = 1, ...,
⌊
n
2
⌋
, j = 2, ..., n, i < j, i+ j ≤ n+ 1
α ((ui, uj)) = i+ j − 2;
for i = 2, ..., n− 1, j =
⌊
n
2
⌋
+ 2, ..., n, i < j, i+ j ≥ n+ 2
α ((ui, uj)) = i+ j + n− 3;
for i = 3, ..., n, j = n+ 1, ..., 2n− 2, j − i ≤ n− 2
α ((ui, uj)) = n+ j − i;
for i = 1, ..., n, j = n+ 1, ..., 2n, j − i ≥ n
α ((ui, uj)) = j − i;
for i = 2, ..., 1 +
⌊
n−1
2
⌋
, j = n+ 1, ..., n +
⌊
n−1
2
⌋
, j − i = n− 1
α ((ui, uj)) = 2(i− 1);
for i =
⌊
n−1
2
⌋
+ 2, ..., n, j = n+ 1 +
⌊
n−1
2
⌋
, ..., 2n− 1, j − i = n− 1
α ((ui, uj)) = i+ j − 2;
for i = n+ 1, ..., n+
⌊
n
2
⌋
− 1, j = n+ 2, ..., 2n− 2, i < j, i+ j ≤ 3n− 1
α ((ui, uj)) = i+ j − 2n;
for i = n+ 1, ..., 2n− 1, j = n+
⌊
n
2
⌋
+ 1, ..., 2n, i < j, i+ j ≥ 3n
α ((ui, uj)) = i+ j − n− 1.
It is not difficult to see that α is an interval edge coloring of the graph K2n
with colors 1, 2, ..., 3n− 2.
The proof is complete.
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